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Introduction

The viscous behavior of soft soils is evident in creep and the types
of strain-rate dependent phenomena, which have been studied by
many researchers since the early 1920s (Graham et al. 1983;
Leroueil et al. 1985; Sheahan et al. 1996; Zhu and Yin 2000;
Cheng and Yin 2005). From the 1960s to the 1990s, many labo-
ratory studies were conducted in odometer tests, and mathematical
formulations of the one-dimensional (1D) phenomena were pro-
posed (Bjerrum 1967; Leroueil et al. 1985; Yin and Graham
1994). The pioneering work provides a fundamental tool for further
understanding the viscous behavior of soils and developing
rate-dependent constitutive models in general stress states.

Some general three-dimensional (3D) creep models were di-
rectly extended from the 1D differential formulations, such as those
suggested by Yin and Graham (1999); Vermeer and Neher (2000);
Zhou et al. (2005); Leoni et al. (2008); and Kelln et al. (2008). Most
of these models adopted yield ellipses (inclined or not) and as-
sumed these ellipses to be contours of viscoplastic volumetric strain
rates. Although this assumption is convenient, it is arguable. In the
framework of critical state soil mechanics (Wood 1990), the size of
the yield locus is assumed to change only when plastic changes of
soil volume occur. If the loading path is just along the yield locus, it
will not cause any plastic changes of volume. Therefore, the yield

locus can be considered to be the contour of plastic volumetric
strain. However, the plastic strain rates vectors are normal to the
yield locus based on the associated flow rule. As shown Fig. 1(a),
for special Point C where the soil is at the critical stress state and
tends to fail, the plastic volumetric rate equals to zero. Whereas
at other points on the same yield locus (e.g., Point A of isotropic
stress state or Point B of AD straining), the plastic volumetric
rates are not zero with their directions parallel to the p0 axis. It
demonstrates that the yield locus is not the contour of plastic volu-
metric strain rate. The same conclusion can also be drawn when the
effect of anisotropy is taken into account, as shown in Fig. 1(b),
where the yield surfaces are inclined ellipses. Therefore, in the
process of formulating the general 3D creep constitutive model,
it is unreasonable to assume that the viscoplastic volumetric strain
rate is constant on the same loading or flow surface.

The overstress theory, proposed by Perzyna (1963), is a classical
concept in the study of viscous solid behavior, and considerable
success has been achieved in modeling the time effects of soft soils
by using this concept (Adachi and Oka 1982; Desai and Zhang
1987; Kutter and Sathialingam 1992; Hinchberger and Rowe
2005). Models based on this framework agree commonly with
the assumption that only the changes of effective stresses outside
the current static yield surface f s lead to the onset of time-
dependent viscoplastic deformations, and the viscoplastic scalar
multiplier φðFÞ is introduced to calculate the viscoplastic strain
rates. φðFÞ depends on the difference between the current stress
state and the static field surface f s, which can be expressed by
the so-called “excess stress function” F. Thus, φðFÞ must be
constant for any stress state on the same loading surface, and its
functional form can be experimentally or theoretically determined,
although this has not been widely presented so far. In addition,
because the static yield surface f s is an elastic nucleus, the original
overstress type models lack the capability in modeling the tertiary
creep and the time-dependent behavior of heavily overconsolidated
soils (Liingaard et al. 2004). Therefore, some models do not
define an elastic nucleus, and a mapping rule is adopted to model
the viscoplastic strains for all states of stresses (Kutter and
Sathialingam 1992).
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Most of the studies were carried out on the basis of isotropically
consolidated reconstituted soils tests. However, the soils are mostly
in a K0-consolidation condition with zero lateral deformation in
their sedimentary process. This initial stress-induced anisotropy
is an important factor that must be considered both in laboratory
tests and constitutive modeling. Wang et al. (2008) derived the
theoretical formulas for predicting the undrained shear strength
of K0-consolidated soft soils. Cheng and Yin (2005) performed
laboratory tests to study the strain-rate dependent behavior of
K0-consolidated Hong Kong natural marine clays. Zhou et al.
(2005) and Leoni et al. (2008) presented their respective anisotropic
elastic-viscoplastic (EVP) models with the assumption that the
loading surfaces are contours of the viscoplastic volumetric strain
rates. Nevertheless, it was found that the laboratory and constitu-
tive modeling studies on the rate-dependent behavior of K0-
consolidated clays remain limited.

In this paper, a new general 3D anisotropic EVP model is
presented to simulate the strain-rate dependent behavior of K0-
consolidated clays. The constitutive equations are derived on the
basis of the overstress concept, assuming inclined ellipses as con-
tours of the viscoplastic scalar multiplier φ. The reference surface
corresponding to the normally consolidated state is defined to
substitute for the static yield surface f s, and a radial mapping rule
is used in the proposed model. It is shown that various types of
stress–strain–time behavior are modeled adequately, including
strain-rate effects in undrained shear tests and the accelerated creep.
The strain-rate dependencies of the preconsolidation pressures
and undrained shear strengths are investigated and their differences
are examined. The model can be extended to consider the rotational
hardening for plastic anisotropic evolution.

Mathematical Formulations of Three-Dimensional
Elastic-Viscoplastic Model

Fundamental Assumptions and Basic Equations

The stress invariants mean effective stress p0 and deviator stress q
are defined as

p0 ¼ σ0
kk∕3 ¼ ðσ0

11 þ σ0
22 þ σ0

33Þ∕3 and q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3sijsij∕2

q

ð1Þ
where the subindexes i = 1, 2, 3 and j = 1, 2, 3, σ0

ij = the effective
stress vector, sij = the deviator stress tensor sij ¼ σ0

ij � p0δij, and
δij = the Kronecker delta, δij ¼ 1 if i ¼ j, and δij ¼ 0 if i ≠ j.

Like most of the time-dependent constitutive models, an
assumption is adopted that if there is no “instant” plastic strains

and all inelastic strains are viscoplastic, the total strain rate _εij is
expressed as

_εij ¼ _εeij þ _εvpij ð2Þ

where _εeij and _εvpij are the elastic and viscoplastic strain rate tensors,
respectively, and the overdot denotes the rate of a variable.

The elastic strains are assumed to be time-independent, and _εeij
can be obtained as

_εeij ¼
κ
3Vi

_p0

p0
δij þ

1
2G

_sij ð3Þ

where κ = the recompression index in natural log scale, Vi ¼ 1þ ei
is the initial specific volume, and ei is the initial void ratio before
loading. The shear modulus G is related to the bulk modulus K and
Poisson’s ratio ν, G ¼ 3ð1� 2νÞK∕½2ð1þ νÞ�, where K ¼ Vip0∕κ.

The rate equation for _εvpij is based on a generalization of the
overstress theory of Perzyna (1963), and a similar viscoplastic
scalar multiplier φ, which is defined in the following section, is
used in the present formulations. It is assumed that two surfaces
exist for any loading history, as shown in Fig. 2, as follows:
1. Loading surface (f ¼ 0): a rate sensitive surface of constant φ,

containing the current stress state of the soil element. This is
analogous to the dynamic surface (f d ¼ 0) in Perzyna (1963).

2. Reference surface (�f ¼ 0): a work-hardening surface of con-
stant φ on which soil has been consolidated for a reference
time t0. The normal consolidation line (NCL) is commonly
obtained from the standard 24-h oedometer test with stepwise
loading (MSL24 h), and so the corresponding value of t0 is
taken as 24 h. Different from the static yield surface f s of
Perzyna (1963), the reference surface is not an elastic nucleus,
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Fig. 1. The viscoplatic strain rates of soils under different stress states; (a) isotropically consolidated clays; (b) K0-consolidated clays

Fig. 2. Schematic figure of the loading and reference surfaces
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but corresponds to stress states of normal consolidation. The
current stress state on the loading surface is allowed to be in-
side, outside, or on the reference surface. When loads are ap-
plied to soil, the sizes of loading surface and reference surface
change simultaneously, whose differences depend on the cur-
rent viscoplastic strain rate of soil.
A radial mapping rule with the projection center at the origin

of stress space is used in the present formulation. The mapping
rule is defined to map the current stress state σ0

ij to its corresponding
reference state, as shown in Fig. 2. As shown in the following, taking
a radial mapping rule can be adequate for 1D and triaxial loadings
that are typical cases of loading histories, although there may be
some overprediction of undrained shear stress for dilative soil
(e.g., heavily overconsolidated clay). However, for strongly nonpro-
portional loading paths (e.g., loadings with stress reversal or
cyclic loadings), some deficiencies may occur. One solution of
this problem can be generalization of the mapping rule to allow
for a projection center away from the origin, and kinematic
hardening and evolution of the relocatable projection center are
further adopted (Kutter and Sathialingam 1992; Li and Dafalias
2004). However, this kind of solution will make the presented model
much more complicated. This work employs radial mapping for
simplicity.

To consider the initial stress-induced anisotropy of natural clays,
the loading and reference surfaces are supposed to be inclined
ellipses, as shown in Fig. 2. Experimental evidence from Graham
et al. (1983) suggest that an associated flow rule is a reasonable
assumption for natural clays when combined with an inclined yield
surface.

In this EVP model, an associated flow rule is adopted, and _εvpij is
given as

_εvpij ¼ ϕ
∂f
∂σ0

ij
ð4Þ

where the viscoplastic scalar multiplier ϕ represents the difference
between the current stress σ0

ij and the reference stress �σ0
ij. The scalar

multiplier ϕ in this work is defined for all values of f and �f , while
the ϕðFÞ in the original overstress theory is defined only for cases
that f d > f s.

Functional Form of Loading Surface and Reference
Surface

As shown in Fig. 2, the loading surfaces f and reference surfaces �f
are inclined ellipses in the p0 � q plane for K0-consolidated clays,

and their expressions are the same as those suggested by Wheeler
and Näätänen (2003)

f ¼ ðM2 � α2Þ þ ðq∕p0 � αÞ2
M2 � α2 p0 � p0c ¼ 0 ð5Þ

�f ¼ ðM2 � α2Þ þ ð�q∕�p0 � αÞ2
M2 � α2 �p0 � �p0c ¼ 0 ð6Þ

where η = the effective stress ratio defined as η ¼ q∕p0 ¼ �q∕�p0 ac-
cording to radial mapping rule, and M = the critical state value of
η p0c and �p0c are the mean effective stresses, where the loading
surface and reference surface intercept the α line, respectively.

The α line defines the inclination of the elliptical loading
and reference surfaces, which represents the effects of plastic
anisotropy. In this paper, the effects of the initial stress-induced
anisotropy are considered, and the evolution of anisotropy during
the soil deformation process is ignored for simplicity, so α remains
constant as its initial value α0. Actually, this EVP framework can be
extended to consider the rotational hardening for plastic anisotropic
evolution. According to Wheeler and Näätänen (2003), the value of
α0 can be obtained from the 1D straining compression

α0 ¼ ðη2K0nc
þ 3ηK0nc

�M2Þ∕3 ð7Þ

where for normally K0-consolidated soils, the initial effective stress
ηK0nc

¼ 3ð1� K0ncÞ∕ð1þ 2K0ncÞ, and K0nc can be calculated by
K0nc ¼ 1� sinϕ0. If the soil is isotropically consolidated,
α0 ¼ 0; consequently, the loading surfaces and reference surfaces
become symmetrical to the isotropic axis.

Derivation of the Viscoplastic Scalar Multiplier ϕ

Both the loading surface f and the reference surface �f are contours
of viscoplastic scalar multiplier ϕ. Therefore, the value of ϕ for a
general stress state (e.g., Point A in Fig. 2) is equal to that for other
stress states on the same loading surface (e.g., Point C in the 1D
straining condition in Fig. 2), whose functional expression can be
established from the volumetric creep strain rate in the 1D straining.

To appropriately express the viscoplastic strain rate in the 1D
straining, absolute time t is adopted in this paper. Standard oedom-
eter tests are most often carried out with 24-h load steps, and sam-
ples are compressed until the NCL is reached [blocked in Fig. 3(a)].
Thus, the absolute time of an arbitrary state on the NCL is just equal
to the real loading duration (i.e., t0 ¼ 24 h). The NCL is taken as

(a) (b)

Fig. 3. Relative locations of stress states and reference states during one-dimensional compression (a) in the compression plane and the (b) in the
p0 � q plane
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the reference line for other state points in the 1D compres-
sion plane.

In the 1D straining condition shown in Fig. 3(a), it can be as-
sumed that the current state Point C (σ0

v; e) is reached by an
arbitrary compression path from an initial state Point I (σ0

vi; ei), with
the load imposed on the soil element increasing from σ0

vi to
σ0
v. No matter what the e� ln σ0

v path is, the reference state of
Point C must be unique, which is the quasi-preconsolidation
stress Point E on the NCL. In addition, the normally consolidated
state under the same vertical effective stress σ0

v can be also found
as Point D. Then, a geometric relationship between Point C,
Point D, and Point E in Fig. 3(a) exists as follows:

ΔeDC þΔeCE ¼ ΔeDE ð8Þ
whereΔeDC = the change of void ratio due to creep from Point D to
C under constant stress, and ΔeCE and ΔeDE are, respectively, the
elastic and total compressions as the stress increases from σ0

v to �σ0
v

in the MSL24 h test. With some well-known formulations in the
traditional soil mechanics, Eq. (8) changes to

ψ ln
t
t0
þ κ ln

�σ0
v

σ0
v
¼ λ ln

�σ0
v

σ0
v

ð9Þ

where κ ¼ Cr∕ ln 10, λ ¼ Cc∕ ln 10, Cr and Cc = the recompres-
sion and compression index of natural clays, respectively;
ψ ¼ Cαe∕ ln 10, and Cαe = the coefficient of secondary com-
pression.

From Eq. (9), the absolute time of point C is obtained as

t ¼ t0 · ð�σ0
v∕σ0

vÞðλ�κÞ∕ψ ð10Þ
During the loading process from Point I to Point C, the total

change of soil volume is quantitatively equal to the sum of the total
elastic part ΔeIJ and the total viscoplastic part ΔeJC , as shown in
Fig. 3(a). Point J is just an auxiliary point on the elastic compres-
sion line with the same vertical stress as Point C, and its reference
state is Point F on the NCL, which corresponds to the initial yield
state obtained from the standard MSL24 h tests. Because the geo-
metric relationship ΔeJC ¼ ΔeJD þΔeDC ¼ ΔeFD �ΔeFJ þ
ΔeDC exists, the total time-dependent irrecoverable strains during
this process can be calculated as

εvpvn ¼ λ� κ
Vi

ln

�
σ0
v

�σ0
v0

�
þ ψ
Vi

ln

�
t
t0

�
ð11Þ

where the subscript n ¼ 1 D straining condition, and �σ0
v0 = the

preconsolidation stress corresponding to the initial yield Point F
measured from the standard MSL24 h tests with �σ0

v0=�σ0
v0 ¼ σ0

p;24 h.
By incorporating Eq. (11) and Eq. (10), the viscoplastic volu-

metric strain rate of the current Point C is

_εvpvn ¼ ψ
Vi

·
1
t
¼ ψ

Vit0

�
σ0
v

�σ0
v

�ðλ�κÞ∕ψ
ð12Þ

It demonstrates that the creep strain rate _εvpvn is dependent on the
difference between the current stress and its reference stress, but
independent of the e� ln σ0

v path. Therefore, the compression lines
parallel to the NCL are lines of constant absolute time or creep
strain rate. During a creep process, the corresponding reference
stress �σ0

v increases with the absolute time t, then the calculated
creep strain rate from Eq. (12) tends to negligible, so the concept
of “limited time line” suggested by Yin and Graham (1994) is not
used for simplification in this model.

The corresponding relationships in the stress space are shown as
Fig. 3(b). In the p0 � q plane, Point C and Point D coincide with

each other because of their same stress state, but their correspond-
ing reference states are quite different due to their different strain
rates. For Point C, which is at the so-called overconsolidated state,
the reference surface is outside the loading surface, and the creep
rate is very low. Point D corresponds to a special condition that the
soil is normally consolidated, and the reference surface coincides
with the loading surface. In addition, it is important to realize that
Eq. (10) and Eq. (12) are also suitable for states located above the
NCL, where the current stresses become larger than their reference
stresses and the creep rates are very high.

On the NCL, the reference stress increases during creep and
satisfies the following relationship

�σ0
v ¼ �σ0

v0 · expðεvpv ∕½ðλ� κÞ∕Vi�Þ ð13Þ
_�σ0
v∕�σ0

v ¼ _εvpvn∕½ðλ� κÞ∕Vi� ð14Þ
Incorporating Eq. (12) with Eq. (4), the functional form of ϕ in the
1D straining condition can be derived

ϕ ¼ _εvpvn
ð∂f ∕∂p0Þn ¼

ψ
Vit0

�
σ0
v

�σ0
v

�λ�κ
ψ
·
M2 � α2

0

M2 � η2K0nc

ð15Þ

where �σ0
v is expressed as in Eq. (13).

The expression of ϕ for a general stress state can be directly
obtained from the relationship ϕ ¼ ϕn. Because of the radial
mapping rule and the similarity of loading and reference surfaces,
σ0
v∕�σ0

v ¼ p0c∕�p0c, and the expression of ϕ becomes

ϕ ¼ ψ
ViT0

�
p0c
�p0c

�λ�κ
ψ
·
M2 � α2

0

M2 � η2K0nc

ð16Þ

with

�p0c ¼ �p0c0 · expðεvpv ∕½ðλ� κÞ∕Vi�Þ ð17Þ
where �p0c0 corresponds to the reference surface passing through the
initial yield state from the standard MSL24 h tests, that is, the refer-
ence surface �f 0 in Fig. 3(b) which is analogous to the initial yield
surface in the traditional plasticity.

The description of the general 3D model is now complete, and it
can be summarized as

_εij ¼
κ
3Vi

_p0

p0
δij þ

1
2G

_sij þ
ψ

Vit0

�
p0c
�p0c

�λ�κ
ψ
·
M2 � α2

0

M2 � η2K0nc

·
∂f
∂σ0

ij
ð18Þ

Note that the viscoplastic scalar multiplier ϕ is positive, whereas
the negative viscoplastic strain rates are generated by the partial
derivatives of the loading function ∂f ∕∂σ0

ij. Eq. (18) reveals that
without a stress change, irrecoverable strains will continue to
develop because of the time increment.

Determination of Parameters

The above 3D general constitutive equations involve six parameters
as λ, κ, M, ν, αR0, and ψ:λ and κ can be obtained from standard
MSL24 h loading and unloading tests, and M can be calculated by
M ¼ 6 sinφ0

c∕ð3� sinφ0
cÞ where φ0

c is the effective friction angle
from triaxial compression tests. Poisson’s ratio ν is usually 0.3 for
soft clays. The expression of α0 is given as Eq. (7), which can be
considered as a function of φ0

c.
The viscous parameter ψ has the relationship of ψ ¼ Cα∕ ln 10,

and Cα is the traditional coefficient of secondary compression
that can be measured from 1D oedometer creep tests. In this model,
ψ is assumed to be constant in the whole creep process. Mesri and
Castro (1987) showed that Cα relates to the compression index Cc,
and Cα∕Cc is almost constant for a given soil type. They also
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indicated that Cα∕Cc ¼ 0:04� 0:01 for inorganic clays and silts,
but 0:05� 0:01 for organic clays and silts. Now that there is no
exact measured value of ψ, these empirical relationships can be
used in simulation.

Rate-Dependent Effects of Preconsolidation
Pressure and Undrained Shear Strength

The preconsolidation pressure and undrained shear strength are
two basic parameters for the design of geotechnical structures.
Many test results demonstrate that these two factors are strain-rate
dependent and that they may increase by around 10% for a tenfold
increase in strain rates. Based on the present EVP constitutive
model, the rate-dependent effects of these two factors are theoreti-
cally formulated as follows.

Strain-Rate Effects on Preconsolidation Pressure

In the 1D straining, the vertical strain of soil element εz is equal to
its volumetric strain εvn. From a series of tests (e.g., constant rate of
strain [CRS] tests, step-changed strain rate tests, multistepped
loading tests, long-term creep tests), Leroueil et al (1985) showed
that the (σ0

v, εz, _εz) relationship could be simply described by
two curves, one giving the variation of the preconsolidation
pressure with strain rate [σ0

p ¼ f ð _εzÞ] and the other presenting
the normalized stress–strain curve [σ0

v∕σ0
p ¼ gðεzÞ]. The rate

dependency of preconsolidation pressure directly reflects the
strain-rate effect on the soil’s 1D compression behavior. In this
EVP formulation, it can be assumed that the total strain rate _εz
is equal to its viscoplastic part _εvpz (i.e., _εz ≈ _εvpz ) after the soil
yields. Therefore, the present constant absolute time lines also cor-
respond to lines of constant strain rate, which can fairly simulate
the strain-rate dependency of the compression behavior of soil in
1D straining.

With different strain rates _εz, the soil starts to yield at different
states that can be expressed as crossing points of the elastic
compression line and different absolute time lines (e.g., Point G,
Point F, or Point J in Fig. 3(a)), and the apparent preconsolidation
pressures σ0

p have different values accordingly. As the aforemen-
tioned definition, all these initial yield points have a unique
reference state, which is Point F on the NCL. Based on
Eq. (12), the relationship between _εz and σ0

p goes to

_εz ≈ _εvpz ¼ ·
ψ

Vit0

�
σ0
p

σ0
p;24 h

�ðλ�κÞ∕ψ
ð19Þ

Then, the apparent preconsolidation pressure σ0
p can be obtained

σ0
p ¼ ð _εz∕ _εz;24 hÞðψ∕λÞ∕Λ · σ0

p;24 h ð20Þ

where Λ ¼ 1� κ∕λ = the compression parameter; σ0
p;24 h = the

preconsolidation pressure measured from the standard MSL24 h test,
and _εz;24 h = __εz;24 h ¼ εz;24 h ≈ _εvpz;24 h ¼ ψ∕ðVit0Þ.

Corresponding to different strain rates _εz1 and _εz2, the different
apparent preconsolidation pressures σ0

p1 and σ0
p2 have the following

relationship

σ0
p2∕σ0

p1 ¼ ð _εz2∕ _εz1Þðψ∕λÞ∕Λ ð21Þ

Referring to Graham et al. (1983), a strain-rate parameter ρn can
be defined to express the strain-rate dependency of the apparent
preconsolidation pressure

ρn ¼ ðΔσ0
p∕σ0

p1Þ∕Δ log _εz ð22Þ

where Δσ0
p = the increment of σ0

p as the strain rate increases from
_εa1 to _εa2. If a tenfold increase occurs in strain rates ( _εz2 ¼ 10 _εz1),
ρn is a constant

ρn ¼ 10ðψ∕λÞ∕Λ � 1 ¼ 10ðCα∕CcÞ∕Λ � 1 ð23Þ

Strain-Rate Effects on Undrained Shear Strength

When the soil element is under triaxial shearing, its stresses and
strains can be expressed as

p0 ¼ ðσ0
a þ 2σ0

rÞ∕3; q ¼ σ0
a � σ0

r; _εv ¼ _εa þ 2 _εr;

_εs ¼ 2∕3ð _εa � _εrÞ
ð24Þ

where the subscripts a and r = the axial and radial directions,
respectively.

From Eq. (18), the volumetric and deviatoric strain rates are
given as follows:

_εv ¼
κ
3Vi

·
_p0

p0
þ ψ
Vit0

·

�
p0c
�p0c0

�λ�κ
ψ
· exp

��εvpv
ψ∕Vi

�
·
M2 � η2

M2 � η2K0nc

ð25a Þ

_εs ¼
1
3G

· _qþ ψ
Vit0

·

�
p0c
�p0c0

�λ�κ
ψ
· exp

��εvpv
ψ∕Vi

�
·
2ðη � α0Þ
M2 � η2K0nc

ð25b Þ

If the soil elements are forbidden to drain during testing, their
volumes must remain constant, then

εev þ εvpv ¼ 0 ⇒ εvpv ¼ �κ∕Vi · lnðp0∕p0iÞ ð26Þ

where p0i = the initial mean effective stress of soil before undrained
shearing, p0i ¼ ð1þ 2K0Þ∕3σ0

vi.
Under the undrained condition, the viscoplastic deviator strain

rate _εvps can be given as

_εvps ¼ ψ
Vit0

·

�
p0c
p0

·
1
n

�λ�κ
ψ
·

�
p0

p0i

�λ
ψ
·
2ðη � α0Þ
M2 � η2K0nc

ð27Þ

where n = the yield stress ratio defined by the stress variable p0

n ¼ �p0c0
p0i

¼
�
M2 � α2

0 þ ðηK0nc
� α0Þ2

M2 � α2
0

�
·
1þ 2K0nc

1þ 2K0
· OCR ð28Þ

where OCR ¼ σ0
p;24 h∕σ0

vi is the overconsolidation ratio measured
from the 1D standard MSL24 h tests. If the soil is initially overcon-
solidated, the value of K0 is generally larger than K0nc.

At the end of undrained triaxial shearing tests, the critical state
will be reached if the strains are large enough. Then the viscoplastic
volumetric strain rate _εvpv becomes zero, and the stress ratio changes
into M (compression) or �M (extension). Under undrained condi-
tion, _εs ¼ _εa, and when the soil sample is close to failure, it is
reasonable to assume that _εa ≈ _εvpa . Therefore, by incorporating
the expression of loading surface as Eq. (5) and the critical failure
condition, the critical undrained shear strength ratio can be
obtained from Eq. (27)

�
Suc
σ0
vi

�
c;e

¼ 1þ 2K0

3
·
M
2
·

�
M � α0

M
·
n
2

�
Λ

·

�
_εa

ψ∕ðViT0Þ
·
M2 � η2K0nc

2ðM∓α0Þ
�

ψ∕λ
ð29Þ

where the subscripts c and e correspond to compressive and exten-
sive conditions, respectively.
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It can be seen that both the undrained compressive and extensive
shear strengths depend on the axial strain rate. For two different
strain rates _εa1 and _εa2, the strengths satisfy the relationship that

Su2∕Su1 ¼ ð _εa2∕ _εa1Þψ∕λ ð30Þ
Referring to Sheahan et al. (1996), a strain-rate parameter ρ can

be defined to express the strain-rate dependency of the undrained
shear strength

ρ ¼ ðΔSu∕Su1Þ∕Δ log _εa ð31Þ
where ΔSu is the increment of Su as the strain rate increases from
_εa1 to _εa2. When a tenfold increase occurs in strain rates
( _εa2 ¼ 10 _εa1), ρ is a constant

ρ ¼ 10ψ∕λ � 1 ¼ 10Cα∕Cc � 1 ð32Þ

Comparison between Two Strain-Rate Parameters
ρn and ρ

The strain-rate parameters ρn and ρ can describe the strain-rate
dependencies of σ0

p and Su, respectively. Their expressions are sim-
ilar in form and both relate to the value of Cα∕Cc. The value of ρ
just depends on the ratio of CαR∕Cc, but ρn relates to both Cα∕Cc
and Λ. Because Λ is smaller than the unit, ρn is always larger than ρ.
Leroueil and Marques (1996) and Graham et al. (1983) indicated
that the relationship between σ0

p and _εz was almost a straight line
whose slope was Cα∕Cc in logarithmic scale. This conclusion is
just an approximation because it ignores the elastic decrease of
void ratio in the recompression phase [e.g., from point I to F in
Fig. 3(a)]. In the presented model, the constant absolute time lines
are used to simulate the viscous behavior of soils in 1D straining,
and the differences of the elastic compressions before initial yield-
ing under different strain rates are taken into account. Therefore,
the obtained expression of ρn must be more accurate and feasible.
Cheng and Yin (2005) also concluded that ρn are larger than ρ for
natural Hong Kong marine clays.

For most inorganic clays, Cα∕Cc equals to 0:03 ∼ 0:05 and Λ
equals to 0:6 ∼ 0:9. Then, from Eq. (23) and Eq. (32), the value of
ρn is obtained as 8% ∼ 21:2%, whereas ρ is in the range of
7:2% ∼ 12:2%. ρn is larger than ρ by 10% ∼ 80% depending on
the value of Λ. Table 1 and Table 2 summarize the measured values
of ρn and ρ for different soils, respectively. It can be concluded
that most measured results are in the predicted range. Additionally,
the strain-rate parameter of strength ρ is independent of the con-
solidation history (isotropically or K0-consolidated), consolidation
stress, and test types (compression or extension). This feature of
ρ is the same as most experimental results in the literature.

Actually, these two parameters ρn and ρ are just quantitatively
defined to describe the strain-rate dependencies of preconsolidation

pressure and undrained strength, respectively. For some general
loading paths (e.g., those with continuous changes of strain rates),
the complete differential EVP model [i.e., Eq., (18)] must be used
for prediction. As shown in the following, the soil behavior during
creep, which is a typical process with continuous changes in strain
rates, can be fairly well simulated by the proposed model.

Modeling the Strain-Rate Dependent Behavior of
Soft Soils and Discussions

To verify the adequacy of the model, several triaxial undrained ex-
perimental results are predicted and compared with the literature.

Simulation of Undrained Triaxial Tests Sheared at
Constant Strain Rate

Hinchberger and Rowe (2005) carried out undrained triaxial com-
pression tests on Sackville clay. The soils were taken from the
depth of 2 ∼ 7 m below a test embankment in the New Brunswick
Province of Canada, and were normally consolidated to the stress
p0i ¼ 61:8 kPa under the condition of K0 ¼ 0:76. The test strain
rates were controlled to be 0.009%, 0.1%, and 1.14% per minute.
Fig. 4 shows the experimental results of soil samples in the depth
of 5:6 m. The soil parameters are given in Table 3, and M is
backfigured to be 1.72. In addition, because the value of secondary
compression coefficient Cα of Sackville clay is not given in the
literature, ψ is assumed to be 0:035λ and 0:04λ in the present
simulation. The predicted results are also shown in Fig. 4.

It can be noted that the calculated values of q increases faster
than the measured results, especially in the early period of tests.
The assumption of Cα∕Cc ¼ 0:035 is relatively more suitable
for Sackville clay, and the increasing rate of q becomes faster with
larger value of ψ. However, generally, the predictions of the
rate-dependent behavior of the anisotropically consolidated
Sackville clay are considered to be good when the viscous
parameter ψ is assumed to be 0:035λ.

Simulation of Undrained Triaxial Creep Tests

Hinchberger and Rowe (2005) also conducted some multistage
undrained triaxial creep tests on normally consolidated Sackville
clays. The applied deviator stresses q were 35, 44.5, and
50 kPa, respectively, and the soil sample was loaded to the next
stage until the strains and excess pore pressure stabilized. Fig. 5
shows the comparison between the calculated and measured results.
By using reasonable value of ψ ψ ¼ 0:035λ, the theoretical increas-
ing rate of axial strain is a little lower than the test results, but
the general trend of axial strain during undrained creep has been
described adequately. The simulated pore pressures increase faster
with time than the measure results in the early test period, but they
fit well with each other in the final stage, with the discrepancies in a
narrow range of 10%.

The development of axial strain and pore pressure during
undrained creep is closely related to the deviator stress q. When
q is large enough, the axial strain rate will continuously increase,
and this will accelerate the failure of soil. This creep failure does
not happen on Sackville clay in the creep tests. Sekiguchi (1984)
carried out similar creep tests on natural Osaka alluvial clay, which
is distributed at Umeda. The undisturbed samples were firstly
normally consolidated to the state of p0i ¼ 294 kPa, and then they
were loaded with different values of q, which were in the range of
q∕p0i ¼ 0:2 ∼ 0:867. The modeling parameters are given in Table 3.
Most of the parameters are the same as those in that reference paper,
except that κ is backcalculated by the given initial shear modulus
G0. Sekiguchi (1984) backfigured six creep rupture tests and

Table 1. Summary of Researches on Strain-Rate Dependency of
Preconsolidation Pressures

Reference Soil tested ρn

Leroueil et al. (1985);

Leroueil (1996)

Champlain clays (N) 7 ∼ 15%

Graham et al. (1983) Ottawa clay (N) 16%

Belfast clay (N) 20%

Winnipeg clay (N) 10%

Nash et al. (1992) Bothkennar clay (N) 8 ∼ 16:5%

Cheng and Yin (2005) Aldrich Bay clay (N) 13.6%

Note: N. natural clays.
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Table 2. Summary of Researches on Strain-Rate Dependency of Undrained Triaxial Shear Strengths

Reference Soil tested Test type OCR _εað%∕hÞ ρ compression ρ extension

Bjerrum et al. (1958) Formebu clay (N) CIUC 1.0 0.0036–10 13%

Richardson and Whitman (1963) Mississippi Valley alluvial clay (RS) CIUC 1.0 0.12–60 3.5%

Ladd et al. (1972) Atchafalaya clay (N) CIUC 1.0 0.5–60 10%

Alberro and Santoyo (1973) Mexico clay (N) CIUC 1.0 0.045–94 9%

Berre and Bjerrum (1973) Drammen clay (N) CAUC 1.0 0.0014–35 13%

Vaid and Campanella (1977) Haney clay (N) CIUC 1.0 0.01–670 8%

Hight (1983) Lower clays (RS) CAUC 1.0 0.04, 15 9%

Graham et al. (1983) Belfast clay (N) CAUC 1.0 0.05–5.0 9.3%

Graham et al. (1983) Mastemyr clay (N) CAUC, CAUE 1.0 0.003–0.4 9.4% 9.4%

Lefbvre and LeBoeuf (1987) Various clays (N) CI(A)UC 1.0 0.05–32 10%

Kulhawy and Mayne (1990) Marine clay CIUC 1.0 10%

Nakase and Kamei (1986) Kawasaki clay CIUC, CIUE 1.0 9.0% 9.0%

Cheng and Yin (2005) HKMD (N) CAUC, CAUE 1.0 0.2–20 8.5% 12.1%

Bjerrum et al. (1958) Formebu clay (N) CIUC 2.0 0.0036–10 10%

Richardson and Whitman (1963) Mississippi Valley alluvial clay (RS) CIUC 16 0.12–60 6%

Berre and Bjerrum (1973) Drammen clay (N) CAUC 1.5 0.0014–35 13%

Hight (1983) Lower clays (RS) CAUC 4, 7 0.04–470 6%

Sheahan et al. (1996) Boston blue clay (RS) CAUC 1 ∼ 8 0.05–50 9.0%

Zhu and Yin (2000) HKMD (RS) CIUC, CIUE 1 ∼ 8 0.15–15 5.5% 8.4%

Note: CAUC/CAUE, anisotropic consolidated undrained triaxial test sheared in compression/extension; CIUC/CIUE, consolidated isotropic undrained triaxial
test sheared in compression/tension; HKMD, Hong Kong marine deposits; N, natural clays; OCR = overconsolidation ratio; RS, reconstituted clays.
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Fig. 4. Predicted and measured results of undrained triaxial compression tests on Sackville clay; (a) the effective stress path; (b) the stress–strain
relationship

Table 3. Values of the Modeling Parameters Used in the Prediction

Clay tested κ∕Vi λ∕Vi ψ∕Vi M φ0
cð°Þ α0 ν OCR Reference

Sackville clay 0.024 0.112 0.0039 1.72 42.0 0.586 0.3 1 Hinchberger and Rowe (2005)

Osaka clay 0.014 0.149 0.0059 1.26 31.3 0.601 0.3 1 Sekiguchi (1984)

Louiseville clay 0.033 0.225 0.009 1.32 32.8 0.582 0.3 2.2 Tanaka and Shiwakoti (2001)

Boston blue clay 0.022 0.164 0.0072 1.348 33.4 0.593 0.3 1–8 Sheahan et al. (1996)

HKMD 0.018 0.08 0.0032 1.265 31.5 0 0.3 1–8 Zhu and Yin (2000)

Note: HKMD, Hong Kong marine deposits.

744 / JOURNAL OF ENGINEERING MECHANICS © ASCE / JULY 2012

 J. Eng. Mech., 2012, 138(7): 738-748 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

H
O

N
G

 K
O

N
G

 P
O

L
Y

T
E

C
H

N
IC

 U
N

IV
 o

n 
06

/2
3/

18
. C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

JHYIN
Highlight

JHYIN
Highlight

JHYIN
Text Box
这些都了来自 Zhu and Yin (2000)对香港海洋粘土的试验结果。

JHYIN
Line

JHYIN
Line

JHYIN
Text Box
这些都了来自 Zhu and Yin (2000)对香港海洋粘土的试验结果。

JHYIN
Line

JHYIN
Line



obtainedM ¼ 1:47, which is much larger than that from other tests
on the same Osaka alluvial clay reported in the literature. Accord-
ing to Adachi et al. (1985), the value of M should be 1.26. The
predicted and measured results are shown in Fig. 6. It can be noted
that when q∕p0i exceeds 0.663, the creep failure appears. The higher
the value of q∕p0i becomes, the earlier the creep failure occurs.
Although some discrepancies are observed, the general trend of
creep failure and the corresponding rupture time can be fairly well
described by this proposed model.

Investigation of the Rate Dependency of
Preconsolidation Pressure

Fig. 7(a) shows the results of rate dependency of preconsolidation
pressures for 12 natural marine clays from the Champlain sea area
in Eastern Canada. The measured results with different markers are
strictly from Leroueil and Tavenas (1983), and the preconsolidation
pressures are normalized by the value from the CRS test whose

strain rate is _εz ¼ 4 × 10�6s�1. Because the features of these clays
are similar, the modeling parameters of Louiseville clay (given in
Table 3) are used to predict the relationship between σ0

p and _εz
for all these clays. The values of Cr and Cc are obtained from
the compression curves of undisturbed Louiseville clay samples
(Tanaka and Shiwakoti 2001), and then Λ ¼ 1� Cr∕Cc ¼ 0:85
Cα is assumed to be 0:04 Cc according to Leroueil and Marques
(1996). It can be seen that the calculated results can adequately
describe the relationships of σ0

p versus _εz, and most test data are
in a narrow range of �7% from the predicted curve.

Fig. 7(b) shows the results of several natural marine clays from
Finland. The test data and the soil markers are taken from Leroueil
(1996). The values of the modeling parameters are assumed to be
the same as those of Louiseville clay for their similar soil proper-
ties. Most of measured data equally distribute on the two sides
of the calculated curve, and the increasing trend of σ0

p with the
increase of _εz is fairly assessed.
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Table 4 gives the measured values of σ0
p∕σ0

p;24 h for some other
soils in the literature, and most of the testing strain rates are
0:36 ∼ 1:44%∕h. For most normally consolidated inorganic clays,
the range of Cα∕Cc is 0:03 ∼ 0:05, and Λ is 0:6 ∼ 0:9, then the cal-
culated values of σ0

p∕σ0
p;24 h from Eq. (20) are 1:08 ∼ 1:36. It can be

seen that most measured results are within this predicted range.
In general, the strain rate in the field is about 10�3%∕min, which
is close to _εz;24 h(Leroueil and Tavenas 1983), so the value of σ0

p;24 h
can be used directly for the in situ analysis. However, the values of
σ0
p from other tests must be adjusted before applications for the

strain-rate effects.

Simulation of the Strain-Rate Effects on Undrained
Shear Strength

Fig. 8 and Fig. 9 show the effects of OCR on the strain-rate depend-
ency of strengths. Fig. 8 illustrates the results of the reconstituted
K0-consolidated Boston Blue clays (BBCs), where the measured
data are given by Sheahan et al. (1996). In the experimental
procedures of BBC, for normally consolidated samples, a vertical
consolidation stress of σ0

vi ¼ 290 kPa was used, whereas the
maximum vertical stress σ0

v ¼ 585 kPa was maintained before
unloading for overconsolidated samples. Fig. 9 shows the compari-
son between the predicted undrained strengths and measured data
of Zhu and Yin (2000) for remolded isotropically consolidated
Hong Kong marine deposits, and the preconsolidation pressure

of each specimen is 392 kPa. The other modeling parameters of
these two soils are shown in Table 3.

According to the results shown in Figs. 8 and 9, the predictions
prove good. The trend that the strength ratios increase with strain
rates is adequately described by this presented model, and the in-
creasing rate of strength Su versus axial strain rate _εa becomes faster
as OCR increases. It can also be found that the undrained strength
Su increases with OCR if the axial strain rate _εa keeps constant. In
general, the predicted curves are in accordance with the measured
data, except that the soil samples are initially heavily overconso-
lidated (e.g., OCR ¼ 8 in Fig. 8). This may be attributed to that
the proportion of the elastic part in total compression becomes
larger due to higher OCR, and the assumption _εa ≈ _εvpa adopted
in the theoretical prediction for undrained strength [as Eq. (29)]
increases the errors accordingly. Although the proposed model
can predict the strain-rate dependency of undrained strength
behavior for overconsolidated clays, it is still not suggested to
use this model in the condition with extreme high values of
OCR (e.g., OCR > 8).

Table 4.Measured Values of σ0
p∕σ0

p;24 h from Constant Rate of Strain Tests
Whose Strain Rates Are 0:36 ∼ 1:14%∕h

Reference Soil type σ0
p∕σ0

p;24 h

Leroueil and Tavenas (1983) Quebec, dozen of clays 1.28

Kolisoja et al. (1989) Finland, one site 1.16

Hanzawa et al. (1990) Osaka, Japan 1:3 ∼ 1:5

Burghignoli et al. (1991) Fucino, Italy 1.2

Hanzawa (1991) Ariake Kuwana, Japan 1:3 ∼ 1:4

Okumura and Suzuki (1990) Yokohama, Japan 1.25

Hoikkala (1991) Finland, three sites 1.3

Mizukami and Motoyashiki (1992) Japan, several clays 1.18

Nash et al. (1992) Bothkennar, U.K. 1.33

Cheng and Yin (2005) Hong Kong, three sites 1:14 ∼ 1:36
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Fig. 7. Calculated and measured strain-rate dependency of preconsolidation pressure; (a) Champlain Sea clays; (b) Finnish clays
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All of the previous discussions demonstrate that the proposed
EVP model has the capability of modeling the strain-rate dependent
behavior of K0-consolidated clays.

Conclusions

From this, the following conclusions can be obtained:
1. A new 3D anisotropic EVP constitutive model is presented to

characterize the rate-dependent behavior of K0-consolidated
clays. Besides the loading surface f , a reference surface �f
corresponding to the reference time (i.e., t0 ¼ 24 h in this
paper) is defined in the stress space. f can be either inside
or outside of �f , and the viscoplastic strains would continue
for all stress states except the stress origin.

2. With the application of absolute time t, the viscoplastic volu-
metric strain rate _εvpvn in the 1D straining can be expressed
appropriately, and _εvpvn is just dependent on the difference
between the current stress and its reference state, but indepen-
dent of the e� ln σ0

i path.
3. The proposed model can adequately simulate the stress �f strain

behavior of undrained triaxial shear tests with constant strain
rate of KR0-consolidated clays. It can also fairly describe the
trend of creep failure and the rupture life of undrained triaxial
creep tests with high deviator stress.

4. The proposed theory can describe the strain-rate dependency
of preconsolidation pressure, and the expression of corre-
sponding strain-rate parameter ρn is given. In the CRS tests
with strain rates of 0:36 ∼ 1:14%∕h and the parameters that
Cα∕Cc ¼ 0:03 ∼ 0:05 and Λ ¼ 0:6 ∼ 0:9 for general inorganic
clays, the calculated value of σ0

p∕σ0
p;24 h is in the range of

1:08 ∼ 1:36, which agrees well with the literature.
5. The proposed theory can describe the strain-rate dependency

of undrained triaxial shear strengths, and the expression of
strain-rate parameter for strength ρ is given. The increas-
ing rate of Su with _εa becomes faster as the value of OCR
increases, and this feature can be fairly simulated by this
model.

6. Different from ρ, ρn depends on not only the value of
CαR∕Cc but also the compression parameter Λ, so ρn is gen-
erally larger than ρ. With the values of CαR∕Cc and Λ in

the above general range for inorganic clays, the calculated
value of ρn is 8% ∼ 21:2%, whereas ρ is in the range
of 7:2% ∼ 12:2%.
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